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Abstract 
An energy principles based model is developed for fatigue crack growth (FCG) prediction.  According 
to the equilibrium relationship between released strain energy and irrecoverable stored energy 
accumulated along the length of fracture process zone (FPZ), the FCG rate is calculated through 
dividing the accumulated stored energy by the elementary fracture released energy in each load cycle. 
The elementary fracture released energy is determined from the cyclic strain energy release rate. The 
accumulated stored energy is obtained by integrating the crack-tip stresses within the FPZ length. 
Comparison between model prediction and FCG test data is made and good agreement is observed. 
 
Keywords: fracture mechanics, fatigue crack growth (FCG), fracture process zone (FPZ), energy 
principles.  
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1. Introduction 
Following the pioneering work of Paris and Erdogan (1963), a number of models relating the range of 
stress intensity factor (SIF), ∆𝐾 and the crack growth rate, 𝑑𝑎/𝑑𝑁, have been developed to describe 
the fatigue crack growth (FCG) under small-scale yielding (SSY) conditions (Nguyen et al., 2001; Pugno 
et al., 2006; Beden et al., 2009; Santecchia et al., 2016). For most of these models, FCG data from tests 
are required to determine the empirical curve-fitting parameters within the models.  
Many researchers have recognized that it is possible to build models capable of predicting FCG 
primarily from the fundamental deformation properties (FDPs) including low-cycle fatigue (LCF) 
properties and monotonic and cyclic tensile properties, which are easier to be obtained 
experimentally and are often required for the purpose of design (Kaisand and Mowbray, 1984; Li et 
al., 1998; Pandey and Chand, 2003; Hurley and Evans, 2007; Ellyin, 2012; Shi et al., 2016; Huffman, 
2016; Wu et al., 2017). Some of them also tapped energy principles in their model development 
(Pandey and Chand, 2003; Shi et al., 2016; Huffman, 2016). However, in addition to the aforesaid FDPs, 
the threshold SIF range, ∆𝐾th of the material is often required by these models as an input parameter, 
for calculating either the length of the fracture process zone ahead of crack tip (Li et al., 1998; Pandey 
and Chand, 2003; Ellyin, 2012) or the critical crack blunting radius (Shi et al., 2016; Wu et al., 2017). 
Notably, ∆𝐾th is obtained by FCG tests and it is thus not widely available due to the high complexity 
and cost of the tests. Moreover, FCG rates will be generated along the tests, undermining the necessity 
of model prediction. 
In this paper, a model based on energy principles for FCG prediction is developed. As schematically 
illustrated in Fig.1, the model is developed for Mode I cracking under constant-amplitude cyclic 
loading. Fracture process zone (FPZ) is defined as the region where microscopic events that lead to 
fracture processing occur. In light of the law of energy conservation, for each load cycle the strain 
energy released accompanying FCG may be attributed to the stored energy accumulated along the 
FPZ length. By definition, the FCG rate 𝑑𝑎 𝑑𝑁⁄  is the crack growth per load cycle, and thus it can be 
calculated through dividing the accumulated stored energy by the elementary fracture released 
energy. The FPZ length is determined from the critical stored energy that is obtained by integrating 
the stresses normal to crack plane over the FPZ length. The stress distribution of stresses normal to 
crack plane is constructed on the ground of blunting and re-sharpening FCG mechanism and fracture 
mechanics within the FPZ length. Only FDPs are required for the model prediction. 
The description of the proposed model is divided into two parts in the present paper: the part based 
on fracture mechanics (Section 2) and the part based on energy principles (Section 3); Section 4 shows 
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comparison between the model prediction and the test data of metallic materials; Conclusions are 
drawn in Section 5. 
2. Fracture Mechanics Based Model Development 
The model development work based on fracture mechanics roots in the widely accepted blunting and 
re-sharpening theory explaining the FCG. The theory states that during loading, the crack tip is blunted 
by slips along two slip planes with approximately 45° to the crack plane respectively at the same time; 
upon unloading, the crack tip is re-sharpened by reversed slips; thus the FCG is controlled through the 
repeating process of blunting and re-sharpening under cyclic loads. 
The process described by the theory may be reasonably restructured, as briefly depicted in Fig. 2(a): 
in each load cycle, upon the start of loading (point A), crack is blunted to some radius; as the load 
keeps increasing (point B), the blunted crack keeps static and crack-tip radius stays constant; right at 
the end of loading (point C), crack growth occurs along the crack plane with a sharp crack tip; as the 
load decreases (point D), the re-sharpened crack keeps static. Another load cycle starts and the newly 
formed crack repeats the process. To give a clearer illustration, the crack status at point D’ in the 
previous load cycle and at the point A’ in the next load cycle are also plotted.  
In the paper, the restructuring of the FCG process based on the blunting and re-sharpening mechanism 
is important for establishing the FCG prediction model. It defines a FCG in a step-wise way, which 
allows to link the change of strain energy release rate with the FCG rate. Also, the notch-like blunted 
crack before crack growth enables the distribution of stresses normal to the crack plane to be 
constructed utilizing the methods used for notch analysis. This is based on the fact that there is no 
fundamental difference in the cracking behaviours of notch and crack, indicating that the methods for 
notch analysis may also be applicable for cracks, as supported by the theory of critical distance (TCD) 
proposed by David Taylor (1999) and its applications in fatigue (Taylor, 2008; Susmel, 2008; Araújo et 
al., 2017; Benedetti and Santus, 2019). 
2.1 Strain-life and stress-strain relationships 
The strain-life relationship is often expressed in the form of Basquin-Coffin-Manson equation 
∆𝜀
2
=
𝜎f
′
𝐸
(2𝑁f)
𝑏 + 𝜀f
′(2𝑁f)
𝑐                                                              (1) 
where ∆𝜀 is the strain range, 𝐸 the Young’s modulus, 2𝑁f  the reversals to failure, 𝜎f
′, 𝜀f
′, 𝑏 and 𝑐 refer 
to the cyclic fatigue strength coefficient, the fatigue ductility coefficient, the fatigue strength exponent 
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and the fatigue ductility exponent. The strain-life relationship is normally curve fitted from LCF test 
data and thus 𝜎f
′, 𝜀f
′, 𝑏 and 𝑐 are also called as the LCF properties of the material. 
The stress-strain relationship of metallic materials is often described using a power law model. In the 
context of cyclic loading, the cyclic stress-strain curve (CSSC) is drawn by joining the tip locus of the 
stabilized hysteresis loops obtained via fatigue tests, and its mathematical expression is 
𝜀a =
𝜎a
𝐸
+ (
𝜎a
𝐻′
)
1
𝑛′
                                                                      (2) 
where 𝜀a is the strain amplitude, 𝜎a the stress amplitude, 𝐻′ the cyclic strength coefficient, and 𝑛
′ the 
cyclic strain hardening exponent. Fig. 2(b) is a nominal stress-nominal strain plot. With reference to 
Eq. (2), it is not unexpected to see the stabilized hysteresis loop. CSSC is also plotted in the figure. 
Assuming the material exhibits a Masing behaviour, Eq. (2) can be rewritten into 
∆𝜀
2
=
∆𝜎
2𝐸
+ (
∆𝜎
2𝐻′
)
1/𝑛′
                                                               (3) 
where the strain range ∆𝜀 = 2𝜀a and the stress range ∆𝜎 = 2𝜎a. 
2.2 Crack-tip stress distribution 
Under monotonical loading conditions, the crack-tip stress field of a material described by Hutchinson-
Rice-Rosengren or briefly HRR solution (Hutchinson, 1968; Rice and Rosengren, 1968) may be written 
as 
𝜎ij = 𝜎0 (
𝐾2
𝛼𝜎0
2𝐼n𝑟
)
𝑛 (𝑛+1)⁄
?̃?ij                                                          (4) 
with 
𝛼 =
𝐸
𝜎0
(
𝜎0
𝐻
)
1 𝑛⁄
                                                                        (5) 
where 𝜎0 is the yield strength, 𝐾 the SIF, 𝑟 the distance off the crack tip along the crack plane, 𝑛 the 
strain-hardening exponent, 𝐼n an integration constant depending on 𝑛, and ?̃?ij the non-dimensional 
angular distribution function. For details of calculating ?̃?ij and 𝐼n, please refer to the works by Guo 
(1993) and Galkiewicz and Graba (2006). Note that the implicit assumption of the HRR solution is that 
the material behaviours following the monotonic stress-strain curve (MSSC), which is mathematically 
expressed as   
𝜀 =
𝜎
𝐸
+ (
𝜎
𝐻
)
1/𝑛
                                                                      (6) 
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where 𝜎 and 𝜀 are the stress and strain respectively, and 𝐻 is the strength coefficient.  
HRR solution is valid to describe the stress distribution from some small distance off the crack tip 
through the FPZ, but is not appropriate for the region very close to the crack tip (Anderson, 2017) 
since it predicts singularity at the crack tip. In reality an infinite stress is impossible due to the crack-
tip blunting and the strain hardening effect. Hill solution (Hill, 1998) has been widely adopted to 
describe the stress distribution very close to the root of notch with a radius 𝑟0. For the stress normal 
to the crack plane, 𝜎yy, it follows that 
𝜎yy = 𝜎0 [1 + ln (1 +
𝑟
𝑟0
)]                                                            (7) 
Tetelman and McEvilly (1967) modified Eq. (7) with 2/√3𝜎c replacing 𝜎0, where 𝜎c  represents the 
flow stress. Considering the crack blunting, 𝑟0 may be replaced by 𝜌. It is easy to tell that at the blunted 
crack tip, 𝜎yy = 2/√3𝜎c, i.e. the crack-tip local stress equals 2/√3𝜎c. Hence if the crack-tip local stress 
is known, 𝜎c can be obtained. 
2.3 Crack-tip radius 
As sketched in Fig. 1, the crack-tip radius 𝜌 caused by blunting has an approximate relationship with 
the crack tip opening displacement (CTOD) as below 
𝜌 = 𝐶𝑇𝑂𝐷/2                                                                       (8) 
While 𝐽-integral, which is the two-dimensional path-independent line integral around the crack tip, is 
widely used to correlate with 𝐶𝑇𝑂𝐷, Well’s (1961) original estimate of CTOD under SSY conditions is 
in the form as 
𝐶𝑇𝑂𝐷 =
𝐺
𝑚𝜎0
                                                                      (9) 
where 𝑚 is a dimensionless constant that depends on the stress state and material properties, and 𝐺 
is the crack extension force or strain energy release rate (in SI units J m2⁄  or equivalently Pa ∙ m). The 
experimental observation by Dawes (1979) and the finite element analysis (FEA) results by Shih and 
German (1981) clearly show that the linear relationship between 𝐺 and 𝐶𝑇𝑂𝐷 indicated by Eq. (9) is 
extended to elastoplastic conditions. Different expressions of 𝑚 have been formulated as functions of 
crack aspect ratios from extensive experiments and elastic-plastic finite element analyses (Zhu and 
Joyce, 2012; ASTM E1820, 2017). To consider the strain hardening effect, 𝜎0 in Eq. (9) is commonly 
replaced by the effective yield strength 𝜎Y that is the average of 𝜎0 and the ultimate tensile strength 
𝜎u. 
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Combining Eqs. (1)-(9), the distribution of 𝜎yy in front of crack tip can thus be constructed, as sketched 
in Fig. 3. The abscissa coordinate of the intersection point P, 𝑟int  can be obtained and the 
corresponding peak stress 𝜎int can be also calculated by either Eq. (4) or Eq. (7). Note that in reality 
the peak stress normal to the crack plane, 𝜎yy
max may occur at the point with the abscissa coordinate 
𝑟max, different from the point P predicted by Eq. (4) and (7), but the shaded areas under the predicted 
stress distribution curve and the real may be viewed as approximately equal. This is supported by the 
work of Jesus and Correia (2013). They compared the stress distribution ahead of the crack tip in the 
crack plane obtained analytically using a similar local-strain method and that obtained numerically 
using the FEA. It was found that for the case SSY conditions, the portions before 𝜎yy
max of both stress 
distribution curves are very small and agree well with each other in general. 
Assuming the linear relationship represented by Eq. (9) applies in the case of cyclic loading, the cyclic 
strain energy release rate, ∆𝐺 should be used in replacement of 𝐺 in Eq. (9). The model development 
work in the frame of fracture mechanics now has been fulfilled. 
 
3. Energy Principles Based Model Development 
In this section, details of the model development work based on energy principles are presented, 
including the calculation of crack-tip local stress, determination of FPZ length, and the prediction of 
FCG rate.  
In addition, it should be pointed out herein that in this paper the term “energy” is commonly used in 
analysis based on energy principles particularly for material elements. But in a more strict view, when 
the bulk material is considered, either “energy per unit area” (J m2⁄  or equivalently Pa ∙ m) or “energy 
per unit volume” (J m3⁄  or equivalently Pa) may be more appropriate depending on the situation. 
3.1 Crack-tip local stress 
It is possible to obtain the local stresses at blunted crack tip invoking energy principles. Molski and 
Glinka (1981) proposed the equivalent strain energy density (ESED) rule, which assumes that the strain 
energy density at the notch root is nearly the same for linear elastic notch behaviour (𝑊n ) and 
elastoplastic notch behaviour (𝑊t) and it has achieved good results in calculating the local stresses at 
notch root (Stephens et al., 2000). In the case of monotonic loading, the ESED rule can be expressed 
in the form as 
(𝐾t)
2𝑊n = 𝑊t                                                                         (10) 
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where 𝐾t is the stress concentration factor at the crack tip, and 
{
𝑊n =
𝑆𝑒 
2
                                                                                      (11𝑎)
𝑊t =
𝜎2
2𝐸
+
𝜎
𝑛 + 1
(
𝜎
𝐻
)
1/𝑛
                                                         (11𝑏)
 
where 𝑆 and 𝑒 is the nominal elastic stress and strain respectively, and 𝜎 is the local stress.  
In the case of cyclic loading condition, 𝑊n and 𝑊t in Eqs. (10) and (11) are replaced by ∆𝑊n and ∆𝑊t, 
where 
{
 
 ∆𝑊n =
∆𝑆∆𝑒 
2
                                                                              (12𝑎)
∆𝑊t =
∆𝜎2
2𝐸
+
2∆𝜎
𝑛′ + 1
(
∆𝜎
2𝐻′
)
1/𝑛′
                                              (12𝑏)
 
with ∆𝑆 and ∆𝑒 being the nominal elastic stress and strain ranges respectively, and ∆𝜎 the local stress 
range. This enables the ESED rule, i.e. Eq. (10) to be re-written as 
(𝐾t)
2∆𝑆∆𝑒 = ∆𝜎∆𝜀 + ∆𝑊h                                                           (13) 
where ∆𝜀 has the expression indicated by Eq. (3) and ∆𝑊h  actually corresponds to the hysteresis 
energy calculated by 
∆𝑊h =
(1 − 𝑛′)2∆𝜎
𝑛′ + 1
(
∆𝜎
2𝐻′
)
1/𝑛′
                                                     (14) 
From the perspective of thermodynamics, Eq. (13) states that the theoretical work ∆𝑆∆𝑒 applied to 
the material element at the notch root due to the nominal stress range is transformed into the real 
total strain energy ∆𝜎∆𝜀 absorbed by the notch-root material element and the dissipated hysteresis 
energy ∆𝑊h. However, it has been pointed out that actually a part of ∆𝑊h will also contribute to the 
local stress and strain ranges at the notch root, and therefore only the remaining part of ∆𝑊h will be 
dissipated into heat at the notch root due to plasticity (Ye et al., 2004). Accordingly, they proposed 
the modified ESED rule for cyclic loading conditions, i.e. 
(𝐾t)
2∆𝑆∆𝑒 = ∆𝜎∆𝜀 + ∆𝑊q                                                           (15) 
where the part of hysteresis energy dissipated into heat is denoted as ∆𝑊q, and has an expression as 
the following 
∆𝑊q =
2(1 − 2𝑛′)∆𝜎
1 + 𝑛′
(
∆𝜎
2𝐻′
)
1/𝑛′
                                                    (16) 
Combing Eqs. (10)-(16), the modified ESED rule, i.e. Eq. (15) can be rewritten into 
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(𝐾f)
2
∆𝑆2
𝐸
=
∆𝜎2
𝐸
+
2(2 − 𝑛′)∆𝜎
1 + 𝑛′
(
∆𝜎
2𝐻′
)
1/𝑛′
                                            (17) 
The modified ESED rule, represented by Eq. (15), is adopted in this paper to calculate the local stress 
range at “notch” root under SSY conditions. But instead of 𝐾t, 𝐾f, which is called the fatigue stress 
concentration factor (Arola and Williams, 2002; Chen, 2016), is used in Eq. (15) to account for the 
“notch” size effect (Topper et al., 1967) since the crack-tip radius due to blunting is very small in the 
case of FCG. According to Neuber (1958), 𝐾f can be calculated by 
𝐾f = 1 +
𝐾t − 1
1 + √𝜌0/𝜌
                                                                 (18) 
where 𝜌 represents the crack-tip radius instead of the notch root radius. 𝜌0 is the so-called Neuber’s 
material characteristic length. As indicated by Eq. (18), the larger 𝜌 is, the smaller difference between 
𝐾f and 𝐾t is. Approximating the blunted crack tip by an elliptical notch, 𝐾t can be calculated as (Pilkey 
and Pilkey, 2008) 
𝐾t = 0.855 + 2.21√𝑎/𝜌                                                            (19) 
where 𝑎 is the crack characteristic dimension. The crack-tip local stresses and thus 𝜎c can be found 
following the steps mentioned above. Obviously 𝜎c is not a constant like 𝜎0, which is also supported 
by the FEA results from Ganesh et al. (2019). With 𝜎c is known, the construction of 𝜎yy distribution 
along the FPZ length ahead of a crack tip is accomplished. 
3.2 Fracture process zone (FPZ) length 
It has experimentally proven that when a notched metallic specimen is monotonically loaded to be 
plastically deformed, the bulk of the supplied plastic strain energy is dissipated in the form of heat and 
vibration, and perhaps slip along the crystallographic planes and dislocation movements in front of 
the notch, while the remaining part is stored in the material along the loading path (Ellyin, 2012). With 
the introduction of unloading, the elastic part of the stored energy is recovered, and the remaining 
part of the stored energy may be associated with residual stresses generated in the metal after 
unloading (Kim, 1990; Klesnil and Lukac, 1992; Ye et al., 2004). Therefore, the supplied strain energy 
can be viewed as the sum of two types of energy: the recoverable type and the irrecoverable type. 
The recoverable energy is the elastic part of the energy stored along loading. The irrecoverable energy 
includes the remainder part of the stored energy and the dissipated energy. For a cracked specimen, 
as the crack grows under cyclic loads, the irrecoverable stored energy of the fractured material could 
be released (Benaarbia et al., 2014). Under cyclic loads, the hysteresis energy, represented by the area 
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enclosed by ABCDA in Fig. 2(b) or Fig. 4, is often taken to represent the total irrecoverable energy 
(Ellyin, 2012).  
According to Skelton (1987), for a material element, the irrecoverable stored energy, denoted as ∆𝑊s 
corresponds only to its tension half cycle of the hysteresis loop as illustrated in Fig. 4 by the area 
shaded in heavy grey. Thus ∆𝑊s is expressed by 
∆𝑊s = Area ABC = ∫ 𝜀
′
∆𝜎
0
𝑑𝜎′ −
∆𝜎2
2𝐸
                                              (20) 
Combined with Eq. (3), ∆𝑊s can be rewritten into 
∆𝑊s =
2𝑛′∆𝜎
𝑛′ + 1
(
∆𝜎
2𝐻′
)
1 𝑛′⁄
                                                          (21) 
The accumulation of the irrecoverable stored energy starts from the point where it must be released 
or can no more be stored, and ends at the point where it must be released or can no more be stored. 
Therefore, the limit of irrecoverable stored energy for the material in a cycle is the ∆𝑊s of the special 
case where 𝑁f = 1 2⁄ . Denoted as ∆𝑊s̅, this limit is called the critical stored energy and it is adopted 
to define the range of FPZ along the crack plane line. The boundary conditions are given by 
{
 
 
 
 ∆𝑊s|𝑟prz1 = ∆𝑊s̅      with   ∆𝜎 =
2
√3
𝜎c [1 + 𝑙𝑛 (1 +
𝑟
𝜌
)]                                 (22)
∆𝑊s|𝑟prz2 = ∆𝑊s̅      with   ∆𝜎 = ∆𝜎0 (
∆𝐾2
𝛼′∆𝜎0
2𝐼n′𝑟
)
𝑛′ (𝑛′+1)⁄
?̃?ij                       (23)
 
where 𝑟prz1 and 𝑟prz2 are the abscissa coordinates of the left and right boundary points, respectively, 
and 𝛼′ corresponds to 𝛼 in Eq. (5) but it is derived based on Eq. (3) as 
𝛼′ =
2𝐸
(2𝐻′)1 𝑛′⁄ ∆𝜎0
(𝑛′−1) 𝑛′⁄
                                                          (24) 
where ∆𝜎0~2𝜎0
′, 𝜎0
′  is the cyclic yield strength calculated as the 0.2% offset value if not specified. Eqs. 
(22) and (23) indicate that length of FPZ or [𝑟pz1, 𝑟pz2] may vary depending on the level of applied 
stresses, which is supported by the observations of Li et al. (1998) and Ellyin (2012) et al. 
3.3 Fatigue crack growth (FCG) rate 
Called the cyclic strain energy release rate, ∆𝐺 could be physically interpreted as the energy released 
per unit of newly created crack surface area under cyclic loads. It should be noted that ∆𝐺 ≠ 𝐺max −
𝐺min. ∆𝐺 is more like an “equivalent” strain energy release rate which is calculated based on the 
“equivalent” stress ∆𝜎 and the “equivalent” strain ∆𝜀. As per the analysis in last section, for a load 
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cycle ABCDA’ in Fig. 2(b), the cyclic strain energy released accompanying the crack growth at B could 
be attributed to the irrecoverable strain energy stored along the loading branch. Then for each load 
cycle, the energy conservation law yields 
∆𝑎∆𝑊f̅ = ∆ΠFPZ                                                                    (25) 
where ∆𝑎 is the extension of crack characteristic dimension 𝑎 in the load cycle, ∆𝑊f̅ is the elementary 
fracture released energy, which is in the unit of energy per unit volume and will be explained and 
calculated later in this section, and ∆ΠFPZ is the total irrecoverable stored strain energy accumulated 
along the FPZ length, or briefly the accumulated stored energy, before ∆𝑎 occurs. Note that ∆𝑎 equals 
the FCG rate by definition, hence Eq. (25) is rewritten as 
𝑑𝑎
𝑑𝑁
=
∆ΠFPZ
∆𝑊f̅
                                                                       (26) 
Elementary fracture released energy (∆𝑾𝐟̅) 
To find ∆𝑊f̅, recall that for linear elastic materials under plane stress condition,  
∆𝐺 =
∆𝐾2
𝐸
                                                                            (27) 
where the SIF range ∆𝐾 can be calculated through 
∆𝐾 = 𝐹∆𝑆√𝜋𝑎                                                                      (28) 
with 𝐹 accounts for stress amplification by net-section (Chandran, 2017). However, when fracturing 
the material element within one load cycle, significant plasticity will be introduced and the material 
will behave in an elastoplastic manner, invalidating the equilibrium indicated by Eq. (27). The approach 
proposed by Dowling (1977) is adopted herein to estimate ∆𝐺 under elastoplastic conditions. ∆𝐺 is 
first split into two components, 
∆𝐺 = ∆𝐺e + ∆𝐺p                                                                    (29) 
∆𝐺e and ∆𝐺p corresponds to the contributions of the elastic and plastic terms in Eq. (3), respectively. 
∆𝐺e can be approximated using Eq. (27). Note that the elastic strain energy of a material element is  
∆𝑊e =
∆𝑆2
2𝐸
                                                                         (30) 
Upon substituting Eqs. (29) and (30) into Eq. (27), it follows that 
∆𝐺e = 2𝜋𝑎𝐹
2∆𝑊e                                                                  (31) 
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Assuming the energy correction factor 𝐹2 is also applied to ∆𝐺p, then referring to Eq. (31), ∆𝐺p may 
be approximated by 
∆𝐺p = 2𝜋𝑎𝐹
2𝑓(𝑛′)∆𝑊p                                                              (32) 
where 𝑓(𝑛′) is introduced to consider the influence of plasticity, and ∆𝑊p is the plastic strain energy. 
Various formulae have been derived for estimating 𝑓(𝑛′)  (Shih and Hutchinson, 1976; Ngoula et al., 
2018). Considering the stress-strain relationship represented by Eq. (3), ∆𝑊p has the expression as 
∆𝑊p =
2∆𝑆
𝑛′ + 1
(
∆𝑆
2𝐻′
)
1
𝑛′
                                                           (33) 
Then Eq. (29) is then rewritten into 
∆𝐺 = 2𝜋𝑎𝐹2[∆𝑊e + 𝑓n′∆𝑊p]                                                    (34) 
As indicated by the above equation, ∆𝐺 is a function of 𝑎 when the nominal stress ∆𝑆 is constant.  
Note that ∆𝐺, similar to 𝐺, is uniquely defined for a component cyclic loaded under the nominal stress 
range ∆𝑆 with a crack of characteristic dimension 𝑎. In this sense, ∆𝐺 is a global concept. Assuming 
there is a small increment of 𝑎, denoted as 𝛿𝑎, occurs at the end of some load cycles, ∆𝐺 will be 
increased by 𝛿∆𝐺 accordingly, which is calculated as 
𝛿∆𝐺 = 2𝜋 [
∆𝑆2
2𝐸
  + 2𝑓n′∆𝑆 (
∆𝑆
2𝐻′
)
1
𝑛′
] [𝐹|𝑎+𝛿𝑎
2(𝑎 + 𝛿𝑎) − 𝐹|𝑎
2𝑎]                          (35) 
Note that before the crack shows unstable growth, 𝐹 usually has a flat slope. Hence when 𝛿𝑎 is small, 
𝐹|𝑎+𝛿𝑎 ≅ 𝐹|𝑎 and Eq. (35) becomes 
∆𝑊f =
𝛿∆𝐺
𝛿𝑎
= 2𝜋(𝐹|𝑎
2) [
∆𝑆2
2𝐸
  + 2𝑓n′∆𝑆 (
∆𝑆
2𝐻′
)
1
𝑛′
]                                         (36) 
The above equation can be explained as that an increase ∆𝑊f of the energy released per unit volume 
is required globally to grow the crack by 𝛿𝑎 in its characteristic dimension. Note that while the crack 
grows by 𝛿𝑎 globally, locally the crack-tip material element is fractured. Therefore, particular analysis 
on the crack-tip material element is needed.  
Different from the global component, for the material element to be fractured in one load cycle ahead 
of the crack tip, there is no crack in the element at the beginning of the load cycle. Thus 𝐹|𝑎
2 = 1. 
With reference to the reconstructed FCG process, the strain range that can fracture the material 
element by a loading half cycle is found through Eq. (1) by setting 𝑁f = 1 2⁄ . Combined with Eq. (3), 
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the specific stress range can be found. Substituting this specific stress range into Eq. (36), the energy 
released by fracturing the material element of unit volume, i.e. the elementary fracture released 
energy, ∆𝑊f̅ is obtained.  
Accumulated stored energy (∆𝚷𝐅𝐏𝐙) 
Based on the work in last section, ∆ΠFPZ can be calculated by integrating ∆𝑊s over the domain of 
[𝑟pz1, 𝑟pz2], i.e. 
∆ΠFPZ = ∫ 𝐹
2∆𝑊s
𝑟pz2
𝑟pz1
𝑑𝑟                                                            (37) 
Combining Eqs. (3) and (21), the Eq. (37) can be rewritten into 
∆ΠFPZ =
2𝑛′
1 + 𝑛′
(
1
2𝐻′
)
1/𝑛′
𝐹2∫ ∆𝜎1+1/𝑛′
𝑟pz2
𝑟pz1
𝑑𝑟                                        (38) 
The distribution of ∆𝜎 within [𝑟pz1, 𝑟pz2]  under a constant-amplitude cyclic load is estimated based 
on the model development work in fracture mechanics,  
∆𝜎 =
{
 
 
 
 
2
√3
𝜎c [1 + 𝑙𝑛 (1 +
𝑟
𝜌
)]                       𝑟 ∈ [𝑟pz1, 𝑟int)                            (39𝑎)
∆𝜎0 (
∆𝐾2
𝛼′∆𝜎0
2𝐼n′𝑟
)
𝑛′ (𝑛′+1)⁄
?̃?ij               𝑟 ∈ [𝑟int, 𝑟pz2]                          (39𝑏)
 
In the context of cyclic loading, the effective yield strength 𝜎Y in Eq. (9) should be calculated as the 
average of 𝜎0
′  and 𝜎𝑓
′. The later application in different metals finds the peak stresses normal to the 
crack plane 𝜎𝑦𝑦
max  agrees with the expectation that 𝜎𝑦𝑦
max = 3~5𝜎0  (Ritchie and Thompson, 1985; 
Cheng and Chen, 2017). 
 
4. Model Application and Discussion 
Fig. 5 is the flow diagram of how to implement the model. In the manner of cycle-by-cycle calculation, 
∆𝑁 equals 1 and ∆𝑎 is then the value of the FCG rate. The FCG begins as the calculated ∆ΠFPZ > 0. 
The subroutine used to find the corresponding ∆𝐾 threshold is given in Fig.6, where a self-adaptive 
iterative algorithm in response to the applied stress is illustrated. It requires the same input material 
properties and loading conditions as provided for the main procedure. As long as the FCG begins, the 
FCG rate is calculated following the main routine shown in Fig.5. 
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While the data of material properties for different materials generated by tests are plentiful in 
published literatures, and the FCG data for some materials under fully reversed constant-amplitude 
cyclic loading conditions are also available, there is a lack of research where both types of data are 
provided for the same material. Therefore only limited types of metals are selected in this paper for 
model validation, i.e. A533-B1 steel, AISI 4340 steel, AISI 4140 steel, 25CrMo4 steel, 2024-T351 
aluminium, 7075-T6 aluminium, 7175-T6 aluminium and Ti6Al4V alloy. The material properties, i.e. 
monotonic and cyclic tensile material properties and LCF material properties, and the FCG rates are 
collected from literatures for each material, with the data compatibility confirmed by either previous 
researchers (Li et al., 1998; Silva, 2005; Wu et al., 2017) or the authors. After validating the model, the 
FCG data of AISI 4340 steel and 7075-T6 aluminium under different stress ratios (𝑅 = −1, 0, 0.5) are 
utilized to investigate the potential application of the model accounting for the 𝑅 effect.  
The input parameters of the model for each material is tabulated in Table 1 together with the data 
sources. The information of the FCG tests for each material is listed in Table 2. For more test details, 
please refer to the references given in Table 2. 
4.1 General Application 
The FCG curves predicted by the proposed model for materials of A533-B1 steel, AISI 4340 steel, AISI 
4140 steel, 25CrMo4 steel, 2024-T351 aluminium, 7075-T6 aluminium, 7175-T6 aluminium and 
Ti6Al4V alloy under constant-amplitude cyclic loads with 𝑅 = −1 are plotted in Figs. 7-14 against the 
corresponding FCG test data.  
As it can be seen in those figures, the model predictions for all those metallic materials are pretty 
good. The predicted FCG curve agrees well with the test data in both the near-threshold regime and 
the stable-growth regime of ∆𝐾. More specifically, for those materials of which the start of FCG may 
not be well defined by their test data, such as AISI 4340 steel, 25CrMo4 steel, 7075-T6 aluminium, and 
Ti6Al4V alloy, the FCG curve predicted by the proposed model provides good prediction. For those 
materials of which the start of FCG may be clearly observed in the test data provided, such as A533-
B1 steel, AISI 4140 steel, 2024-T351 aluminium, and 7175 aluminium, the proposed model not only 
works well to predict the FCG but also captures the start of real FCG with good accuracy. In general, 
Figs. 7-14 show that the proposed model is capable of providing good prediction for the FCG and its 
start for metallic materials under constant-amplitude cyclic loads with 𝑅 = −1. 
4.2 Stress ratio (𝑹) effect 
In the case of constant-amplitude fatigue loading, the stress ratio 𝑅 can have a significant effect on 
the FCG. An increase in 𝑅 usually causes growth rates for a given ∆𝐾 to be larger, as illustrated by Fig. 
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15(a) and Fig. 16(a) for AISI 4340 steel and 7075-T6 aluminium respectively. While the proposed model 
is developed for the case of fully reversed constant-amplitude cyclic loading, i.e. 𝑅 = −1, it is possible 
to be used for predicting the FCG rates for metallic materials loaded at different 𝑅 levels.  
Various relationships are employed for characterizing the effect of 𝑅 on FCG curves. Walker equation 
is one of the most widely accepted. It has the following expression, 
𝑑𝑎
𝑑𝑁
= 𝐶(∆𝐾̅̅ ̅̅ )𝑚                                                                     (40) 
where 𝐶  and 𝑚  are material constants. ∆𝐾̅̅ ̅̅  is called the equivalent zero-to-constant SIF and is 
calculated by 
∆𝐾̅̅ ̅̅ =
∆𝐾
(1 − 𝑅)1−𝛾
                                                                  (41) 
with 𝛾  being a material constant. Based on the Paris’ law, the FCG data at each 𝑅  level can be 
described using a straight line in the log-log plot. Basically, the Walker equation consolidates all the 
FCG data at different 𝑅 levels along one single straight line, i.e. the one plotted when 𝑅 = 0. Since the 
proposed model is developed for the case of FCG under fully reversed constant-amplitude cyclic loads, 
i.e. 𝑅 = −1. To apply the proposed model, the Walker equation is suggested to be modified by 
reformulating Eq. (41) as 
∆𝐾̅̅ ̅̅ = (
2
1 − 𝑅
)
1−𝛾
∆𝐾                                                             (42) 
Eq. (42) actually consolidates the FCG data at different 𝑅 levels along the straight line of which 𝑅 =
−1. Using the proposed model, the FCG curve for 𝑅 = −1 is obtained. Based on the FCG curve and 
Eq. (42), the FCG rates at different 𝑅 levels can then be calculated. To illustrate the effectiveness for 
such application of the proposed model to account for the 𝑅 effect on FCG rates, AISI 4340 steel and 
7075-T6 aluminium are used. 
Figs. 15 and 16 show the model applications to AISI 4340 steel and 7075-T6 aluminium respectively. 
For each material, three sets of FCG data at different 𝑅 levels (𝑅 = −1,0,0.5) are provided. As shown 
in Fig. 15(a) and Fig. 16(a), the 𝑅 effect on the FCG is significant. The increase of 𝑅 causes the increase 
of FCG rates for a given ∆𝐾. The data of FCG rates at different 𝑅 levels can be regressed into parallel 
straight lines using the Paris’ law. By introducing Eq. (42), those parallel straight lines can be 
consolidated into a single straight line. Instead of the Pars’ law, the proposed model predicts a FCG 
curve from the material’s FDPs for 𝑅 = −1 with higher accuracy, as illustrated in Fig. 15(b) and Fig. 
16(b). The FCG rates at different 𝑅 levels can thus be found using ∆𝐾̅̅ ̅̅  calculated by Eq. (42). While for 
 15 / 30 
 
AISI 4340 steel and 7075-T6 aluminium, the starts of FCG at different 𝑅 levels seem to be consolidated 
well following the Eq. (42), it should be noted that they may vary in a slightly different extent for other 
materials. In conclusion, the proposed model has a good potentiality taking into account the 𝑅 effect. 
 
5. Conclusions 
A model was proposed based on EPFM and energy principles for FCG prediction of metallic materials 
under SSY conditions. Only monotonic and cyclic tensile material properties and LCF properties are 
required for the model prediction. The test data of A533-B1 steel, AISI 4340 steel, AISI 4140 steel, 
25CrMo4 steel, 2024-T351 aluminium, 7075-T6 aluminium, 7175-T6 aluminium and Ti6Al4V alloy were 
chosen for the comparison with model prediction. The results show that 
 The proposed model works well to predict the FCG under fully reversed constant-amplitude 
cyclic loads where 𝑅 = −1. 
 In combination with Walker equation, the proposed model can provide good FCG prediction 
accounting for the 𝑅 effect. 
 The proposed model only needs FDPs of the material, i.e. monotonic and cyclic tensile 
material properties and LCF material properties, to predict the FCG. 
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Tables and Figures 
 
 
Nomenclature 
𝑎 crack characteristic dimension 𝑊n strain energy density at notch root for 
linear elastic behaviour ∆𝑎 increment of 𝑎  
𝑏 fatigue strength exponent 𝑊t strain energy density at notch root for 
elastoplastic behaviour 𝑐 fatigue ductility exponent  
𝑑𝑎/𝑑𝑁 crack growth rate 𝜀f
′ fatigue ductility coefficient 
𝑒 nominal elastic strain 𝜎f
′ cyclic fatigue strength coefficient 
∆𝑒 nominal elastic strain range 𝜎yy stress normal to the crack plane 
𝐸 Young’s modulus ∆𝑊e elastic strain energy 
𝑓(𝑛′) correction factor for plasticity ∆𝑊f Increase of energy released per unit 
volume due to growth of 𝑎 𝐹 correction factor for stress 
amplification by net-section 
 
 ∆𝑊f̅ elementary fracture released energy 
𝐺 crack extension force or strain 
energy release rate 
∆𝑊h hysteresis energy 
 ∆𝑊n cyclic strain energy density at notch 
root for linear elastic behaviour 𝐺max maximum 𝐺 in a load cycle  
𝐺min minimum 𝐺 in a load cycle ∆𝑊p plastic strain energy 
∆𝐺 cyclic strain energy release rate ∆𝑊q strain energy dissipated into heat 
∆𝐺e elastic component of ∆𝐺 ∆𝑊s irrecoverable stored energy 
∆𝐺p plastic component of ∆𝐺 ∆𝑊s̅ critical stored energy 
𝐻 strength coefficient ∆𝑊t cyclic strain energy density at notch 
root for elastoplastic behaviour 𝐻′ cyclic strength coefficient  
𝐼n an integration constant of 𝑛 𝜀 (local) strain 
𝐼n′ an integration constant of 𝑛′ ∆𝜀 strain range 
𝐾 stress intensity factor 𝜀a strain amplitude 
𝐾t stress concentration factor 𝜌 crack-tip radius due to blunting 
𝐾f fatigue stress concentration factor 𝜌0 material characteristic length 
∆𝐾 range of stress intensity factor 𝜎 (local) stress 
𝑚 dimensionless constant ∆𝜎 stress range 
𝑛 strain-hardening exponent 𝜎a stress amplitude 
𝑛′ cyclic strain-hardening exponent 𝜎c flow stress 
𝑁f load cycles to failure 𝜎int peak stress of constructed 𝜎yy 
distribution 𝑟 distance off the tip along crack 
plane 
 
 𝜎u ultimate tensile strength 
𝑟int abscissa coordinate of peak stress 𝜎Y effective yield strength 
𝑟max abscissa coordinate of 𝜎yy
max 𝜎0 yield strength 
𝑟prz1 left boundary of fracture process 
zone length 
𝜎0
′  cyclic yield strength 
 𝜎yy
max maximum 𝜎yy in reality 
𝑟prz2 right boundary of fracture process 
zone length 
?̃?ij non-dimensional angular distribution 
function   
𝑆 nominal elastic stress ∆ΠFPZ accumulated stored energy over 
fracture process zone length ∆𝑆 nominal elastic stress range  
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Table 1. Material input parameters for model application 
Parameters 
Monotonic and cyclic tensile 
properties 
Low-cycle fatigue 
properties Data source 
Material 𝝈𝟎 𝑬 𝝈𝐮 𝑲′ 𝒏′ 𝝈𝒇
′  𝒃 𝜺𝒇
′  𝒄 
A533-B1 
Steel 
482 200 627 1047 0.165 869 -
0.085 
0.32 -
0.52 
Li et al., 1998 
AISI 4340 
Steel 
634 192 826 1384 0.17 1232 -0.10 0.53 -
0.56 
Noroozi et al., 
2005 
SAE 4140 
Steel 
1341 201 1474 1110 0.036 1424 -
0.053 
2.65 -
0.84 
Rteil and 
Topper, 2005 
25CrMo4 
Steel 
512 206 674 892 0.11 900 -
0.072 
0.90 -
0.69 
Wu et al., 
2017 
2024-T351 
Al 
379 73 469 662 0.07 927 -
0.113 
0.41 -
0.71 
Noroozi et al., 
2005 
7075-T6 Al 
520 71 578 977 0.106 1466 -
0.143 
0.26 -
0.62 
Dowling, 2012 
7175 Al 
611 72 656 779 0.038 814 -
0.059 
0.67 -
1.18 
Salerno, 2007 
Ti6Al4V 
Alloy 
805 122 845 1288 0.095 1293 -
0.088 
0.26 -
0.72 
ASM, 1996 
Unit MPa GPa MPa MPa - MPa - - -  
 
 
 
Table 2. Fatigue crack growth test information 
Material Stress ratio Test data(∆) Data source 
A533-B1 Steel -1 Yes Dowling, 1977 
AISI 4340 Steel 
-1 Yes 
Newman, 2007 0 Yes 
0.5 Yes 
SAE 4140 Steel -1 Yes Stephens et al., 1979 
25CrMo4 Steel -1 Yes Luke, 2010 
2024-T351 Al -1 Yes Forman et al., 2005 
7075-T6 Al -1 Yes Forman et al., 2005 
7175 Al -1 Yes Silva, 2005 
Ti6Al4V Alloy -1 Yes Silva, 2005 
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Figure 1. Fatigue crack growth (FCG) under fully reversed constant-amplitude cyclic loading conditions 
 
 
 
 
 
 
(a)                                                                                              (b) 
Figure 2. (a) Mechanism of crack growth under constant-amplitude cyclic loads; (b) Stress-strain relationship 
under constant-amplitude cyclic loads 
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Figure 3. Stress distribution in front of the blunted crack tip 
 
 
 
 
Figure 4. The strain energy density required for material elements to fracture 
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Figure 5. Main routine of implementation of the proposed FCG prediction model 
 
 
 
 
 
Figure 6. Subroutine to start the FCG 
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Figure 7. Comparison of FCG rates by tests (Dowling, 1977) and model prediction 
 
 
 
Figure 8. Comparison of FCG rates by tests (Newman, 2007) and model prediction 
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Figure 9. Comparison of FCG rates by tests (Stephens et al., 1979) and model prediction 
 
 
 
Figure 10. Comparison of FCG rates by tests (Luke et al., 2010) and model prediction 
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Figure 11. Comparison of FCG rates by tests (Forman et al., 2005) and model prediction 
  
 
 
Figure 12. Comparison of FCG rates by tests (Newman et al., 1994) model prediction 
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Figure 13. Comparison of FCG rates by tests (Silva, 2005) and model prediction 
 
 
 
Figure 14. Comparison of FCG rates by tests (Silva, 2005) and model prediction 
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   (a)                                                                                     (b) 
Figure 15. Model application to consider the 𝑅 effect: (a) 𝑅 effect on FCG rates (Newman, 2007); (b) model 
application. 
 
 
 
(a)                                                                                     (b) 
Figure 16. Model application to consider the 𝑅 effect: (a) 𝑅 effect on FCG rates (Newman, 2007); (b) model 
application. 
